Introduction
Number theory is a vast and fascinating field of mathematics, sometimes called "higher arithmetic", consisting of the study of the properties of whole numbers. In mathematics, a Diophantine equations is a polynomial equation, usually in two or more unknowns, such that only the integer solutions are studied. The word Diophantine refers to the Hellenistic mathematician of the 3rd century, Diophantus of Alexanderia, who made a study of such equations. While individual equation present a kind of puzzle and have been considered throughout the history, the formulation of general theories of Diophantine equations (beyond the theory of quadratic forms) was an achievement of the twentieth century. , has no solution in positive integers ( see [1] ). Nearly two centuries later, a computer search (see [3] ) found the first counterexample to the general conjecture (for N = 5): 27 5 + 84 5 + 110 5 + 133 5 = 144 5 .
In 1986, Noam Elkies found a method to construct an infinite series counterexamples for the K = 4 case (see [2] In this paper, we are interested in the study of Diophantine equations:
i , where n, m ≥ 1 and a i , b i , are fixed arbitrary nonzero integers. Our main results are the following theorems:
Main Theorem 1.1. Consider the Diophantine equation :
where n, m ≥ 1 and a i , b i , are fixed arbitrary nonzero integers. Let Y 2 = X 3 + F X 2 + GX + H, be an elliptic curve in which the coefficients F , G, and H are all functions of a i , b i , and the other rational parameters B i , C i , D i , and h, yet to be found later. If the elliptic curve has positive rank, depending on the values of B i , C i , D i , and h, the Diophantine equation has infinitely many integer solutions.
Proof. Let:
where all variables are rational numbers. By substituting these variables in the above Diophantine equation, and after some simplifications, we get:
To complete the proof we use the following theorem for transforming this quartic to an elliptic curve of the form y 2 +a 1 xy +a 3 y = x 3 +a 2 x 2 +a 4 x+a 6 , where a i ∈ Q. (see [5] )
THEOREM. Let K be a field of characteristic not equal to 2. Consider the equation
The inverse transformation is u = 2q(x+c)−(
The point (u, v) = (0, q) corresponds to the point (x, y) = ∞ and
We see that if
to be square, say q 2 , (This is possible by fixing the other parameters and choosing appropriate values for h.), we may use the above theorem and transform the quartic elliptic curve to an elliptic curve of the form
If the above elliptic curve has positive rank (For every arbitrary nonzero integers a i and b i , this is done by choosing appropriate values for we may assume that in the corresponding the elliptic curve (1.1),
This means that we let
( We may choose the other appropriate values for B 1 , C 1 , D 1 , and h, so that the rank of the corresponding elliptic curve to be ≥ 1 and L to be square.
Then we get the elliptic curve:
With the inverse transformation u =
16(X+53) Y
and v = −8 +
, this maps to the new elliptic curve
The rank of this elliptic curve is 1 and its generator is the point P = (X, Y ) = (−48, 80). Because of this, the above elliptic curve has infinitely many rational points and we may obtain infinitely many solutions for the Diophantine equation too. Since P = (X, Y ) = (−48, 80), we get (u, v) = (1, −11), by calculating x 1 , y 1 , X 1 , Y 1 , from the above relations and after some simplifications and canceling the denominators of x 1 , y 1 , X 1 , Y 1 , we get the identity:
Also we have: By choosing the other points on the elliptic curve such as nP (n = 5, 6, · · · ) we obtain infinitely many solutions for the Diophantine equation. we may assume that in the elliptic curve (1.1),
. This means that we let
( We may choose the other appropriate values for B 1 , C 1 , D 1 , and h, so that rank of the corresponding elliptic curve to be ≥ 1 and L to be square.
Then .
The rank of this elliptic curve is 2 and its generators are the points
) and
). Because of this, the above elliptic curve has infinitely many rational points and we may obtain infinitely many solutions for the Diophantine equation too. By using this point P 1 = (X, Y ) = ( ), we get (u, v) = ( By choosing the other points on the elliptic curve such as nP 1 or nP 2 (n = 3, 4, · · · ) we obtain infinitely many solutions for the Diophantine equation. we may assume that in the elliptic curve (1.1),
. This means that we let x 1 = −u+ ). Because of this, the above elliptic curve has infinitely many rational points and we may obtain infinitely many solutions for the Diophantine equation too. By using this point P = (X, Y ) = ( If we take
, this means that in the above Diphantine equation, we have
With the inverse transformation u = , 42). Because of this, the above elliptic curve has infinitely many rational points and we may obtain infinitely many solutions for the Diophantine equation too. By using this point P = (X, Y ) = (
, 42), we get (u, v) = ( ), and by calculating x 1 , y 1 , X 1 , Y 1 , from the above relations and after some simplifications and canceling the denominators of By choosing the other points on the elliptic curve such as nP (n = 3, 4, · · · ) we obtain infinitely many solutions for the Diophantine equation.
Main Theorem 1.2. Consider the Diophantine equation:
to be square, say q 2 , (This is possible by fixing the other parameters and choosing appropriate values for h.), we may transform (similar to the previous theorem) the above elliptic curve to an elliptic curve of the form y 2 + a 1 xy + a 3 y = x 3 + a 2 x 2 + a 4 x + a 6 , where a i ∈ Q.
If the above elliptic curve has positive rank (For every arbitrary nonzero integers a i and b i , this is done by choosing appropriate values for Then if we obtain a rational solution, we may get an integer solution for the Diophantine equations by multiplying the both sides of the Diophantine equations by an appropriate t.
Finally we mention that each point on the elliptic curve can be represented in the form ( . Also by choosing the other appropriate values of B i , C i , D i , h, and getting the new elliptic curve of rank ≥ 1( and repeating the above process) , we may obtain infinitely many nontrivial parametric solutions for each case of the above Diophantine equations.
We use the Sage software for calculating the rank of the elliptic curves. (see [4] )
